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1. Let  be a square, and let  be a point chosen on segment . There is a point  on
segment  such that  and  Compute the side length of 

Solution: Let  be the foot of the altitude from  to  and let  be the foot of the altitude from
 to . Since  isosceles with , we know that  is the midpoint of . That

is, , and by the Pythagorean Theorem, we have  Since  lies on
, by symmetry, we have , and 

2. Let  be an equilateral triangle with side length . Three circles of radius  are centered at
, , and . Compute the radius of the circle that is centered at the center of , is internally

tangent to these three circles, and lies in the interior of the three circles.

Solution: Denote the circle that we want to compute the radius of as . Let the center of 
be  and let line  intersect  at point  such that  lies between  and  Note that this is
also the point where  is tangent to the circle centered at  Using  triangles, one can
show that the circumradius of an equilateral triangle is  of its side length. The desired radius is

thus .

3. Let  be the circle inscribed in regular hexagon  with side length , and let the midpoint
of side  be . Segment  intersects  at point . Compute the length of .

Solution: Using the law of cosines on , we have  so
. Then, let the midpoint of  be  and note that  is tangent to  at . By Power of

a Point, we have

4. Let  and  be equilateral triangles such that   and
 is obtuse. Given that the side length of  is  and the circumradius of  is

 compute the side length of 

Solution: Note that  Thus, by the law of sines,
 Thus by the law of cosines on , we have 

 Let  be the desired length. Then, substituting
lengths, we have  or  This has roots , the only

valid root of which is .

5. In right triangle  with right angle at , let  be the incenter and  the centroid. Let the
foot of the perpendicular from  to  be  and the foot of the perpendicular from  to  be .
Line  is drawn such that  is parallel to  and passes through . Line  meets  at , and line

 meets  at . Given that  and , compute the length 
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Solution: Let  and  meet at point . Note that  is a rectangle. From here, we can see
that  and  Since , it follows that  is a
dilation by a factor of  of  centered at . Thus, . The hypotenuse of the triangle
is , so the inradius is . Thus  Now, let  be the midpoint of , and  the
foot of the altitude of  to . Since  and  is the midpoint of , it follows that  is
the midpoint of  and  Since  is the centroid of , it follows that 

 Since  it follows that  That is, 
 As  is a rectangle, by the Pythagorean Theorem, it follows that 

. The answer is thus .

6. Let  be a regular pentagon with side length . Circles , , and  are centered at
 and  respectively, each with radius .  intersects  inside  at point , and 

intersects  inside  at point . Compute the ratio of the measure of  to the
measure of .

Solution: Note that  is an equilateral triangle, so . Next, we
see that  is isosceles with . Then,  We get

. Next, we note that  is the angle bisector of  since  is
symmetric with respect to points  and  so . Now we have 

. Finally, note that  so 

. The ratio we want is then 

7. Consider the horizontal line that intersects the ellipse  at points  and  above the -
axis such that  where point  is the origin. Compute the area of the region of the
ellipse that lies above this line.

Solution: Let the midpoint of  be  and WLOG let  be to the left of the -axis. Since 
 is a  triangle, we know that  for some positive  Solving for 

in  gives us .

Consider the circle , which can be obtained by compressing the -coordinates on the
ellipse by a factor of  Then,  while we still have  so we deduce that 

 is a  triangle with . We can then compute the area of the
sector subtended by  as  To get the area for the ellipse, we multiply by  to get

8. Points  and  lie on a circle centered at  such that  The perpendicular bisector of 
intersects  at point  such that  lies in the interior of  and . Lines 
and  intersect at point . Compute the ratio of the area of  to the area of .

Solution: Let the radius of the circle be  and the midpoint of  be . We have 
 and . Then, we have 

, which we can solve to get . Let line  intersect the circle again at point .
Note that  and  are parallel since they are both perpendicular to , so  and 

 are similar since they have the same angles. We also see that  is similar to 
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since their angles subtend the same arcs of the circle. Then,  so the ratio of the

areas is 

9. Consider a prism with regular hexagon bases. We form an antiprism by removing the lateral faces,
rotating one of the bases  about the axis passing through the centers of the bases, and forming

 triangular faces between the bases where each triangular face consists of one vertex of one of
the bases and the two closest vertices of the other base. Compute the ratio of the volume of the
antiprism to the volume of the original prism.

Solution: Consider flattening" the antiprism so that the bases are in the same plane and we have a
dodecagon formed from the  vertices of the two hexagons. We can compute the volume of a
prism with this base and the same height as the original prism and subtract the  triangular
pyramids that are added on to the antiprism in order to form this new prism. Let the height of the
prism be . The base of the new prism is a regular dodecagon where the distance between its center
and a vertex is equal to the side length of the hexagonal base of the original prism. We denote this
side length as . Then, the area of the dodecagonal base is  so the volume of
the new prism is .

The base of one of the triangular prisms is a triangle with height  and base . Then, the
total volume of the triangular pyramids is  The
volume of the antiprism is . The area of a regular hexagon with
side length  is , so the volume of the original prism is . We get that the ratio of the

volumes is .

10. Given a triangle , let the tangent lines to the circumcircle of  at points  and 
intersect at point . Line  intersects the circumcircle for a second time at point . Let the
projections of  onto  be  respectively. From  draw a line perpendicular to

 intersecting  at . If , , and , compute the length of .

Solution: First note that  lie on the same line because of Simson’s line theorem. We have
that quadrilaterals  and  are cyclic, due to right angles formed from the projections
of , and therefore  and  where  and . Now let

 which gives us  where . From the cyclic quadrilaterals,
we get  and . Using
sine law for , we get that
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We now recall that the symmedian of a triangle passes through the intersection of the tangents to
the circumcircle at the triangle’s vertices, therefore  is the symmedian for . Since the
symmedian is isogonal to the median, we have that , where  is the
midpoint of . Therefore, with sine law for  and , we get

and, therefore, by comparing this with the previous equation, we see that 

Next, let  be the intersection of  and the line through  perpendicular to  and let  be
the intersection of  and . Note that  is the perpendicular bisector of , and we have

 so , , and  is equilateral.
Then,  and . Since

, we know that points  are cyclic. We then have 
.

We note the following equal angle measures: ,
 Now, we see that points  and  are isogonal conjugates in

quadrilateral . Using law of sines, we have

Multiplying and flipping the equations so that equal terms in the numerator and denominator
cancel, we have , and we conclude that .

Then, we can see that  is the incenter of  since  is equilateral,  lies on the angle
bisector  and  as well. We have   (they subtend the same
angle measure in the circumcircle of ), , and  since

 and . This
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gives us  so . Also, note that  is equilateral so 
. Then, law of cosines on  gives us 

.


